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Abstract 
Let X be a space, and C be a closed cover of X consisting of metric subsets. Let X have 
the weak topology with respect o C in the sense of K. Morita. In terms of k-networks, we give 
some topological properties on X by means of the covering properties associated with the cover C. 
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1. Introduction 
Let X be a space, and let {X,: X E A} be a closed cover of X. According to 
K. Morita [13], X has the weak topology with respect to {XA: X E A} if the union S 
of any subcollection 3 of {X A: X E A} is closed in X, and F c S is closed in S if 
F n XX is closed in XX for each XX E 3. In [15], he used the terminology, X has 
the hereditarily weak topology with respect to {Xx: X E A}. Also, in Michael’s [ 1 l] 
terminology, X is dominated by {XX: X E A}. 
Obviously, every space has the weak topology with respect to its hereditarily closure- 
preserving (abbreviated by HCP) closed cover. As is well known, every CW-complex K 
has the weak topology with respect to the cover of all finite subcomplexes of K, thus, 
so does K with respect to a cover of compact metric subsets of K. 
We recall that a space X is determined by a cover C [4] if F c X is closed in X if 
and only if F n C is closed in C for each C E C. We recall that a space X is a k-space 
(respectively. sequential space), if X determined by a cover of compact (respectively, 
compact metric) subsets of X. Obviously, every space determined by an increasing, 
countable closed cover C has the weak topology with respect C. 
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We recall canonical quotient spaces S, and S2, which are called the sequential fan and 
the Aren’t space, respectively. S, is the quotient space obtained from the topological sum 
of countably many convergent sequences by identifying all the limit points. Also, for a 
regular cardinal number a! 3 w, the space S, is similarly defined. S, = (N x N)UWU{ca} 
is the space with each point of (R? x IV) isolated. A basic neighborhood of R E N consists 
of all sets of the form {n} U { ( m, n): m 3 k}. And U is a neighborhood of 00 if and 
only if co E U and U is a neighborhood of all but finitely many n E RI. Obviously, the 
spaces S, and Sz have the weak topology with respect to a countable cover of compact 
metric subsets. 
We recall that M is a k-network, if whenever K c U with K compact and U open in X, 
then K c U F c U for some finite .F c p. If we replace “compact” by “single point”, 
then such a cover is called “network”. A closed k-network is a k-network consisting of 
closed subsets. k-networks have played a role in &-spaces (i.e., spaces with a countable 
k-network), and N-spaces (i.e., spaces with a a-locally finite k-network). 
As a modification of k-networks, we recall that a cover p of X is a cs-network, if 
whenever L is a sequence converging to a point x E X and U is an nbd of x, then there 
exists P E p such that x E P c U, and P contains L eventually. Also, we recall that a 
cover 63 is a cs*-network, if we replace “eventually” by “frequently”. 
Let X be a space, and let C be a cover of X. Let us recall covering properties related 
to C. C is point-countable (respectively, compact-countable; star-countable) if every point 
in X (respectively, compact subset of X; member of C) meets at most countably many 
elements of C. Star-finiteness, and compact-finiteness, etc. are similarly defined. Spaces 
with a point-countable (or a-locally finite, etc.) k-network have played an important role 
in the theory of generalized metric spaces, certain quotient spaces, and their metrizability. 
As for spaces with point-countable k-networks, see [4,22], for example. 
Morita [ 131 proved that every space having the weak topology with respect to a closed 
cover of metric subsets is paracompact. In [14], he obtained the following famous result 
(Michael [ 1 l] also proved it independently). 
Theorem 1.1. Every space having the weak topology with respect to a closed cover of 
paracompact (respectively, normal) subspaces is paracompact (respectively, normal). 
As other results on spaces having the weak topology with respect to closed covers, for 
example, the following are obtained. Thus, every first countable space having the weak 
topology with respect to a cover of metric subsets is metrizable, and every k-space with 
a star-countable k-network is paracompact by Theorem 1.1. 
Theorem 1.2 [26]. A space having the weak topology with respect to a closed cover of 
metric subsets is metrizable tf and only it contains no closed copy of S, and no Sz. 
Theorem 1.3. 
(1) A k-space has a star-countable closed k-network if and only ifit is the topological 
sum of No-spaces [6]. 
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(2) Every k-space has a star-countable k-network if and only if it has the weak 
topology with respect to a closed cover of No-spaces [17]. 
Now, for a closed cover {XX: X < a} of a space X, let Yo = X0, and YX = 
cl(Xx - U{X,: p < X}) f or each X < Q. Let us call the closed cover {Yx: X < cr} of 
X the canonical cover associated with the cover {XX: X < a}. 
Let X have the weak topology with respect to a closed cover {XX: X < cy} of metric 
subsets. As is well known, X is a paracompact a-space. Indeed, in [12] (or [27]) it 
is shown that X is an Ml-space (i.e., spaces with a a-CP base), thus, X has a a-CP 
k-network. And, X is a space with a a-compact-finite k-network [lo], in particular, if 
CL: = w, X is an N-space. Also, X is a sequential space determined by the canonical 
cover {Yx: X < a} [23]. 
In this paper, in terms of k-networks, we shall give certain topological properties on 
X with metric pieces XX be means of the covering properties of the canonical cover 
{Yx: X < a}, or the cover {XX: X < a} with some conditions. We note that, for a 
closed metric subset F of X, put Xi = F u XX for each X < cy, then, X has also the 
weak topology with respect to a closed cover {X;: X < a} of metric subsets, but this 
cover is not even point-countable if Q 3 ~1. Thus, in general, without conditions on the 
cover {XX: X < a}, it is difficult to give the topological properties on X by means of 
the covering-properties of {XX: X < a} instead of {Yx: X < CJ}. 
2. Results 
In this section, we assume that X is a space having the weak topology with respect 
to a closed cover {XX: X < a} of metric subsets. Also, let Eo = X0, and Ex = 
xx - U{X,: ,Ll< X} f or each X < cy, and let YO = &, and YX = cl EA. 
Lemma 2.1. 
(1) Let A c X. For each X < a, let Ax c Ex such that A U AJ, is closed in X. 
Then, F = U{Ax: X < CI} U A is closed in X. In particulal; if each Ax is$nite, 
U{Ax: X < } d’ (Y is lscrete (i.e., closed, discrete) in X. 
(2) Let {A n: n E IV} be a decreasing sequence in X such that if x, E A,, then the 
set {x n: n E IV} has an accumulation point in X. Then, some A, is contained in 
a finite union of EJ, 5. 
Proof. (1) is due to [23, Lemma 2.51. 
For (2), suppose not. Then there exist a sequence {z~: n E N}, and a subcollection 
{Excn): n E PI} of {Ex: X < a} such that x, E (A,nE~C,j)-U{E~Cij: i < n}. Then, 
by (l), the set {z,: n E IV} is discrete in X. But, (2,: n E N} has an accumulation 
point in X. This is a contradiction. Thus, some A, is contained in a finite union of 
Ex’s. 0 
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We say that a space is a pre-Lindeltif (respectively, pre-compact) S,-space if it admits 
a closed Lindeliif (respectively, perfect) map onto the space S,. 
Proposition 2.2. 
(1) X contains no closed copy of&, ifand only if 1(X: z E Yx}( < rfor each 2 E X. 
(2) (a) Let A be a Lindel$(respectively, compact) subset of X. For y 2 WI (respec- 
tively, y 2 w), if X contains no closed copy of a pre-Lindeliif (respectively, 
pre-compact) &,-space, then 1 {A: A fl YX # 0) 1 < y. 
(b) For y 3 WI (respectively, y 3 w), if 1 {A: Yp n YA # S}l < y fur each YP, 
then X contains no closed copy of a pre-Lindeliif (respectively, pre-compact) 
&-space. 
(3) X contains no closed copy of 5’2 if and only if the canonical closed cover { Yx: A < 
a} is HO? 
Proof. (1) is routinely shown by Lemma 2.1( 1). 
For (2), X is paracompact by Theorem 1.1. Then it is easy to show that cl A is also a 
Lindelof subset of X. Thus, to show (a) holds, we can assume that A is a closed Lindelof 
subset. Suppose that 1 {A: A rl YX # 0) I 3 y. Then, by (1) and Lemma 2.1 (l), there exist 
disjoint convergent sequences &(o, < y) with limit points in A such that the L, are 
disjoint from A. Thus, the space obtained from AU { L,: a < y} by identifying all points 
in A is a copy of S, by Lemma 2.1(l). Hence, X contains a closed copy of a pre-Lindelof 
&-space. To show (b) holds, suppose that X contains a closed copy S of a pre-Lindelof 
&-space. Let f : S -+ S, be a closed Lindelof map, and S, = U(L6: 6 < r} U {y}, 
here each Lb is a sequence converging to y with L6 3 y. Since L = f-‘(y) is Lindelof, 
L meets only countably many EA by Lemma 2.1( 1). Thus L is contained in a union of 
countably many YV. While, for each 6 < y, there exists infinite sequence K6 c f-’ (Lh) 
converging to a point zg $! L, for f-l (L ) . 6 IS not closed in a sequential space X. Since 
y is regular with y 3 WI, we can assume {zc,: 6 < r} c YV for some 7. While, each 
KS is contained in a union of finitely many Yx by Lemma 2.1(l). Thus, we can assume 
that C6 = K6 U (~6) c YA(~) for each 6 < y. But, I{Yx(~): 6 < ?}I = y. Indeed, 
suppose not. Then, since y > wt, some Yx(b) contains uncountably many Cc. If {zc} is 
countable, Yx(6) contains a copy of S,, for f is closed. If {zc} is not countable, YA(~) 
contains a copy of S2, because {zc} is an uncountable subset of the Lindelof space L, 
thus there exists an infinite convergent sequence in Yx(s). Thus, the metric space Yx(6) 
contains a copy of S, or 5’~. This is a contradiction. Thus, I{Yx(b): 6 < A}[ = y. Then, 
1(X: y,nYA #0)) br 
for the YV. This contradiction implies that (b) holds. The parenthetic parts in (a) and (b) 
are shown by the same way as in the above. 
For (3), to show the “only if” part holds, suppose {YA: X < a} is not HCI? Since X 
is sequential, there exist an infinite convergent sequence {z~: n E N} and an infinite 
subcollection {Yx(,) : n E W} of {YA: X < a} such that 2, E YAcn). This implies that 
X contains a closed copy of 5’2 by Lemma 2.1(l). For the “if” part, suppose that X 
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contains a copy of S2. Then, cc E cl(N x N). Since {Yx: X < a} is HCP, we may 
assume that 00 E cl((N x N) n Yx) f or some X < cy. Thus, there exists a sequence in 
(N x N) converging the point cc. This is a contradiction. Then X contains no closed 
copy of s2. 0 
In the following, for semi-metrizable spaces, or symmetrizable spaces, see [l, p. 125; 
3, p. 4801, for example, (3) is due to [26]. 
Corollary 2.3. 
(1) In the following, (a), (b) and (c) are equivalent. When the sets XX are compact, 
(a) - (d) are equivalent: 
(a) X is a metrizable space. 
(b) X is a semi-metrizable space. 
(c) {YA: X < a} is locallyfinite. 
(d) {Yx: X < a} is star-finite. 
(2) X is a symmetrizable space if and only if {Yx: X < a} is point-jinite. 
(3) The following are equivalent: 
(a) X is a LaSnev space. 
(b) X is a Fre’chet space. 
(c) {VA: X < cx} is HCP 
Proof. For (l), the implication (a) + (b) is clear. For (b) + (c), since X is first countable, 
by Lemma 2.1(l), each point of X has an nbd which meets only finitely many Yx. Thus, 
{Yx: X < a} is locally finite. For (c) + (a), X is locally metric. But, X is paracompact 
by Theorem 1.1. Then X is metric. Thus (a), (b) and (c) are equivalent. To show the 
latter part of (1) holds, let the sets XX be compact. Then, the implication (c) + (d) 
is obvious (or, the implication (a) + (d) holds by means of Proposition 2.2(2)). For 
(d) =+ (a), note that each convergent sequence is frequently contained in some Yx by 
Lemma 2.1(2). But, each YX is closed in X, and contains no closed copy of SW and no 
S2. Then, since {Yx: X < a} is star-finite, X contains no closed copy of S, and S2. 
Then, since {Yx: X < o} is star-finite, X contains no closed copy of S, and no S2. Thus 
the implication (d) + (a) holds by Theorem 1.2. Hence, when the sets XX are compact, 
(a) N (d) are equivalent. 
For (2), every symmetrizable space contains no closed copy of S, by means of [3, 
Lemma 9.31. Also, every space determined by a point-countable cover of metric subsets 
is symmetrizable by [19, Theorem 3.31. Thus, (2) holds by Proposition 2.2(l). 
For (3), every LaSnev space is Frechet, and every Frechet space contains no copy of S2. 
Also, for a HCP closed cover C of a space X, let T be the topological sum of C. Then the 
obvious map from T onto X is a closed map. Thus, (3) holds by Proposition 2.2(3). •I 
X has a (r-CP /c-network, but X need not have a a-HCP k-network [25]. However, 
the following holds. 
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Corollary 2.4. Suppose that the sets X, are compact. Then X has a a-HCP k-network 
if and onZy if { Yx: X < cx} is a-HCP 
Proof. For the “if” part, let {Yx: X < a} = U{Cn: n E IV}, C, c &+I, be a a-HCP 
closed cover of X, and let X, = U C, for each 72 E N. Each C, is HCP, and any element 
of C, has a o-locally finite closed k-network. Thus, each X, has a a-HCP k-network. 
But, X is determined by a closed cover {Xn: n E W}, and each compact subset of X is 
contained in some X, by Lemma 2.1. Then, X has a a-HCP k-network. For the “only 
if” part, X has a cr-HCP k-network of metric subsets by [25, Lemma 21. Thus, X is 
determined by an increasing closed cover {F,: 72 E IV} of FrCchet subsets. For each 
n E N, let pn = {Yx: Yx c F,}. Since each F, is FrCchet, pn is HCP in view of the 
proof of Proposition 2.2(3). While, each Yx is compact, then each Yx is contained in 
some F, by Lemma 2.1. Thus, {Yx: J! < o} is a a-HCP closed cover. 0 
X has a u-compact-finite k-network, thus, X has a point-countable k-network. We 
will consider conditions for X to have a point-countable cs*-network, point-countable 
cs-network, or o-compact-finite CS*-network, etc. 
Corollary 2.5. X has a point-countable (respectively, compact-countable) CS*-network 
if and only if {Yx: X < cy} is point-countable (respectively, compact-countable). 
Proof. For the “only if” part, since X has a point-countable cs*-network, X contains 
no copy of S,, in view of the proof of [20, Proposition 11. Thus, {Yx: X < o} is point- 
countable by Proposition 2.2(l). For the “if” part, for X < a, let pi, be a point-countable 
closed k-network for Yx. By Lemma 2.1, each compact subset of X is contained in a 
finite union of Yx’s. Thus, U{px: X < cx} is a point-countable closed k-network, hence, 
point-countable cs*-network for X. For the “only if” part of the parenthetic part, it is 
easy to show that every perfect image of a space with a compact-countable cs*-network 
has a point-countable cs*-network. Thus, X contains no closed copy of pre-compact 
S,,-space. Then {Yx: X < o} is compact-countable by Proposition 2.2(2). 0 
Theorem 2.6. Let X have a point-countable cs-network, or a u-compact-finite cs*- 
network. Then the canonical cover {Yx: X < a} of X satisjies the following conditions 
(~1) and (4: 
(cl) {Yx: X < a} is point-countabZe. 
(4 Zfz~ E Yx (X < LY), then the set {x~: X < a} is a-discrete in X. 
Proof. Since X has a point-countable cs*-network, (cl) is satisfied by Corollary 2.5(l). 
We will show that (~2) is satisfied. First, let X have a point-countable cs-network. As is 
well-known, X is a c-space, thus, X has a a-locally finite closed network 63. Here, we can 
assume that each member of r~ is covered by finitely many Yx’s in view of Lemma 2.1(2). 
Thus, we can assume each member of 63 is metric. Hence, X has a countable closed cover 
{F,: 72 E N} of metric subsets of X. Now, let A = {x:x: X < a}, where 2~ E Yx. We 
E Tanaka / Topology and ifs Applications 82 (1998) 427-438 433 
show that A is a-discrete in X. For each X < Q, there exists a sequence LX in Ex with a 
limit point ZX. We can assume that LX contains no 2~ in view of Lemma 2.1(l). For each 
R E N, let D, = {XX E A: F, contains LX frequently}. Since & is metric, F, contains 
no copy 5’2, thus, D, is discrete in X in view of Lemma 2.1( 1). Let B, = (F, n A) - D,. 
Let us show that B, is a a-discrete subset of X. Here, we can assume that Lx n F, = 0 
for each X < (I with 2~ E B,. Let X, = U{ L A: xx E Bn} U F,. For each X < cy with 
zx E B,, LX U F, = CA U F, is closed in X, where CA = LX U {XX}. Then, in view of 
Lemma 2.1(l), X, is closed in X, and X, is determined by a point-finite closed cover 
{F,} U {CA: zx E Bn} of metric subsets. Thus X, is symmetrizable [19]. But, X has a 
point-countable cs-network. Thus, by [9, Lemma 7(3)], X, has a point-countable weak 
base 
T = u{T,: z E X,}; 
that is, for T E T,, z E T; if TI, T2 E T, T3 c TI rl T2 for some T3 E 7’; and U c X, 
is open in X, if and only if for each x E U, there exists T E T, with T c U. For 
2 E X,, we can assume T, = {T,,: n E N} is decreasing. Then, if zn E Tzn. the 
sequence { 2, : n E N} converges to the point 5. Thus, by Lemma 2.1(2), some T,, 
is contained in a finite union of XX’S, thus, clT,, is metric. Then, we can assume 
that, for each T E T,, cl T is metric. Since F, is closed in X,, {T n F,: T E T} 
is a weak base for F,. But, F, is first countable, then for any x E F, and T E T,, 
2 E intF,(T n F,) in view of [3, Lemma 9.31. Thus, V = {intF,(T n Fn): T E T} 
is a point-countable open cover of F,. For each V = intF, (T n F,) E V, let Dv = 
{xx E V n B,: LX is contained in T eventually}. Since clT is metric, Dv is discrete 
in F,. Also, {Dv: V E Y} is a cover of B,, and Dv c V with V open in F,. Thus, 
F, has a point-countable collection W of open subsets such that each W E W contains 
a point x(W) with {x(W): W E W} = B,. Since each W E W contains Z(W), we 
can choose the sets W E W such that if x(W) # x(W’), then W # IV’. Let I3 be a 
a-discrete base for F,. For each W E W, take Bw E B with Z(W) E Bw c W. Since 
W is point-countable, for each Bw E B, {Bw/: BWJ = Bw} is at most countable. But 
B is a-discrete in X. Thus, {x(W): W E W} IS a-discrete in X. Then B, is a-discrete 
in X. Thus, for each n E N, An F, = D, U B, is a-discrete in X. Thus, A is a-discrete 
in X. Hence, (~2) is satisfied. Next, suppose that X has a a-compact-finite cs*-network 
p = U{mn: rz E N} which is closed under finite intersections. Using Lemma 1.1(2), 
in view of the proof of Theorem 9 in [lo], we show that {P E 63: cl P is metric} 
is a cs*-network for X. Thus, we can assume that cl P is metric for each P E p. 
For each X < a, there exists a sequence LX in Ex with a limit point ZX. For each 
P E p, let D(P) = {XX E P: LX is contained in P frequently}. For each n E N, let 
A,, = U{D(P): P E pn}. Since 63 is a cs*-network for X, A = U{An: n E N}. Let 
K be a compact subset of X. For P E p, D(P) c P, and D(P) n K is finite, because 
cl P is metric, and K meets only finitely many Lx’s. Since K meets only finitely many 
P E p, for each TZ E N, each A, n K is finite. Then, since X is a k-space, each A, is 
discrete. Thus, A is g-discrete in X. Hence, (cz) is satisfied. 0 
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Corollary 2.7. Let X have a point-countable cs-network, or u-compact-finite cs*- 
network. Then, any subset 5’ of X with an infinite dense set D meets at most IDI 
many Yx S. In particular any separable subset of X meets at most countably many Yx ‘s. 
Proof. Since S is a paracompact space with the dense set D, it is easy to show that 
every o-discrete subset of S consists of at most 1 DI many points. Thus, by Theorem 2.6, 
5’ meets at most IDJ many YA’s. 0 
Corollary 2.8. Suppose that the sets Xx are locally separable. Then the following are 
equivalent. 
(a) X is an N-space. 
(b) X has a point-countable cs-network. 
(c) X has a a-compact-$nite cs*-network. 
(d) {YA: X < cx} is locally countable. 
(e) {Yx: X < cx} is o-locally countable. 
(f) {Yx: X < cx} satisfies the conditions (cl) and (~2). 
Proof. Suppose that (e) or (f) holds. Each YA is locally separable, so Yx is the topo- 
logical sum of separable subsets YxP (p E Ax). Since each YxP is Lindelof, YxP meets 
only countably many other YJ (S < o). Hence, {YA,: X < cy, p E Ax} is a star- 
countable closed cover of X. While, since X is determined by {YA: X < a}, and 
each Yx is determined by {Yx,: p E Ax}. Thus, X is determined by a star-countable 
cover {YAP: X < cr, p E Ax}. Then, by [6, Lemma 2.1(2)], X is the topological 
sum of spaces 26 (6 E A), where each 26 is determined by a countable cover Cg, but 
U{Cs: S E A} = {YAP: X < Q, I_L E Ax}. This shows that {YA: A < a} is locally 
countable since X is locally Lindeliif, and that X is an N-space with a point-countable 
cs-network. Thus, the implication (e) + (b), and (f) + (a) and (d) hold. The implication 
(a) + (c) is obvious, (d) + (e) is clear, and, (b) or (c) + (f) holds by Theorem 2.6. 0 
Corollary 2.9. Suppose that the sets XX are separable. Then the following are equiva- 
lent. 
(a) X is an N-space. 
(b) X contains no closed copy of a pre-Lindelof S,, -space. 
(c) X is the topological sum of spaces 2s (6 E A), where 2s is a union of countable 
cover c& and u{&i: 6 E A} = {Yx: x < a}. 
(d) {Yx: X < cx} is star-countable. 
(e) { Yx: X < cx} is o-locally finite. 
Proof. The implication (b) + (d) holds by Proposition 2.2(2), (c) =+ (e) is clear, and 
(e) + (a) holds by Corollary 2.8. The implication (d) + (c) holds in view of the proof 
of Corollary 2.8. For the implication (a) + (b), note that every closed Lindeltif image 
of an N-space has routinely a point-countable closed k-network, so, the image contains 
no copy of S,, by [20, Proposition 11. Hence, any N-space does not contain a copy of a 
pre-Lindelof S,, -space. 0 
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Remark 2.10. In Corollary 2.9 (respectively, Corollary 2.3(l)), the implication (a) + (d) 
does not hold if we weaken the separability (respectively, compactness) of the spaces Xx 
to the local separability (respectively, separability). Indeed, let X be the topological sum 
of WI many convergent sequences LX containing its limit point xx. Let X~J = {XX: X < 
WI} and XX = LX for X # 0. Then, X is a locally compact metric space having the 
weak topology with the closed cover {XX: X < WI } of locally separable metric subsets. 
But, the canonical cover {Yx: X < o} is not star-countable at Yn. For the parenthetic 
part in the above, it is shown by replacing “WI” with “w”. 
Remark 2.11. In view of the proofs of the results in this section, the following also hold. 
In the “only if” part of (3)(ii), we cannot replace “locally countable” by “star-countable” 
in view of Remark 2.10. 
(1) (i) X has a point-countable closed /c-network if and only if {YA: X < cr} is 
point-countable. 
(ii) X has a point-countable closed k-network of separable (respectively, compact) 
metric subsets if and only if the sets YA are locally separable (respectively, 
locally compact), and {Yx: X < o} is point-countable. 
(2) X has a compact-countable closed k-network if and only if {YJ,: X < o} is 
compact-countable. 
(3) (i) X has a star-countable k-network if and only if the sets Yx are locally sepa- 
rable. 
(ii) X has a star-countable closed k-network if and only if the sets YA are locally 
separable, and {YA: X < cy} is locally countable. 
3. Applications, and questions 
In this section, we give an generalization and examples as applications, and give 
questions. First, let us generalize some results in the previous section. For a closed cover 
{YA: X E A} of a space Y, we shall consider the following condition (*): 
(*) Each YA has a dense subset DA such that {DA: X E A} is a-compact finite. 
Let X be a space having the weak topology with respect to a closed cover {XX: X < 
cr}. Then X is determined by the canonical cover {YA: X < (Y}, and {YA: X < o} 
satisfies (*) by Lemma 2.1( 1). Let us generalize the results in the previous section as 
follows, for example. 
Theorem 3.1. Suppose that a space X is determined by a closed cover {Yx: X E A} of 
metric subsets. If {Yx: X E A} satisfies the condition (*), then the following hold. 
(1) X is metrizable if and only if X contains no closed copy of S, and no S,. 
(2) X is LaCtev if and only if X contains no closed copy of SZ. 
(3) Suppose that X is a u-space with a point-countable cs-network, or X is a space 
with a o-compact-finite cs*-network. Then {Yx: X E A} is point countable, and 
if xx E Yx, {x~: X E A} is o-discrete in X. 
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Suppose that X has the weak topology with respect to metric subsets, and the sets 
Yx are compact. Then, X has a a-HCP k-network if and only if {Yx: X E A} is 
a-HCP 
(4 
(b) 
cc> 
X is metrizable if and only if X is first countable. 
X is LaSnev if and only if X is Frechet. 
Suppose that the sets Yx are locally separable. Then, X is an N-space ifan 
only if {Yx: X E A} is o-locally countable. 
Proof. For (l), note that every La&rev space is metrizable if it contains no closed copy 
of SW; see [25, Theorem 1.151, for example. 
Thus, we prove the “if” part of (2). Suppose that X contains no closed copy of 
SZ. Let each Yx have a dense subset DA such that {DA: X E A} = U{C,: n E 
N}, where C, c &+I, is a-compact-finite in X. Since X contains no closed copy of 
SZ, each {YA: DA E Cn} is HCP as in the proof of Proposition 2.2(3). Thus, each 
L, = U{Yx: DA E Cn} is LaSnev. But, X has the weak topology with respect to an 
increasing closed cover {L n: 12 E N}. Since X contains no closed copy of 5’2, similarly, 
{cl(-L+1 - L,): 71 E N} is a HCP cover of X. Then X is LaSnev. Thus, the “if” part 
of (2) holds. 
For (3), by (*), it follows that if X contains no closed copy of S,, then {YA: X E A} 
is point-countable. Thus, the assertion (2) of Lemma 1 .l remains true with respect to 
the point-countable closed cover {YA: X E A}. Indeed, for 2 E X, let {YA: YA 3 
z} = {Y,(z): n E IV}. Let {A,: 72 E IV} be the sequence in (2) of Lemma 1.1. 
Suppose that any A, is not contained in any finite union of YA’s. For each n E N, take 
2, E A, n (X - U{yZ(xj): i,j < n}). Then D = (2,: n E N} is discrete in X since 
any YA n D is finite, a contradiction. Hence (3) holds by a similar way as in the proof 
of Theorem 2.6. 
We prove that (4) holds as in the proof of Corollary 2.4. Indeed, for the “only if” part, 
X has a a-HCP k-network of metric subsets. Then, X has an increasing closed cover 
{F,: n E N} of FrCchet spaces, and each compact subset is contained in some F,. Thus, 
{YA: X E A} = U{Yx: Yx c F, for some n E IV}. But, each F, contains no closed 
copy of Sz. Thus, {Yx: X E A} is a-HCP in view of the proof of (2). 
The results for (5) hold by (l), (2), and the proof of Corollary 2.8. 0 
Example 3.2. Let X be a space determined by a countable closed cover {Xn: n. E N} 
of metric subsets. Let X; = . U{Xm. m < n} for each n E IV. Then, X is an N-space 
with a a-discrete cs-network, and X has the weak topology with respect to a closed 
cover {Xz: n E N} of metric subsets (hence, X is the inductive limit of {Xt: 7~ E N}). 
Putting y0 = Xc, and Y, = cl(Xn - U{X,: m < n}), Corollary 2.3 holds. If the cover 
{X,: n E IV} satisfies (*), the Corollary 2.3 also remains valid under replacing “Y,” by 
“X,“. 
Example 3.3. Let S be a space determined by a closed cover C = {Y*} U {Yx: X E A}. 
Here, Y, is a metric space with IY, ( 2 (Al, and each YA is a convergent sequence 
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containing its limit point yx with {yy~} = YX n Y,, but the YX are disjoint. Then, S is 
symmetrizable, and S has a point-countable cs*-network, a-compact-finite k-network, 
and a-CP k-network. M. Sakai [ 181 asked the author what structure the space S has 
if S has a point-countable cs-network, for example. The following is an answer to his 
question. 
(a) S is metrizable + (9~: X E A} is discrete. 
(b) S has a star-countable k-network ti Y, is locally separable. Also, S has a star- 
countable cs*-network @ S has a star-countable closed k-network @ Y, is locally 
separable, and {ye: X E A} is a-discrete in S. 
(c) Let Y, be separable. Then, S is an No-space @ S has a a-compact finite cs*- 
network % S has a point-countable cs-network ti S has a a-HCP k-network 
++ {Y/X: X E A} is a-discrete in S. 
Indeed, since S is determined by the point-finite closed cover C of metric subsets, S is 
symmetrizable space with a point-countable cs*-network. Also, S has the weak topology 
with respect to a closed cover {Y*, Y, U Yx: X E A} of metric subsets, then S has a 
g-compact-finite k-network, and O-CP k-network. Since C satisfies (*), the assertions 
(a), (b), and (c) hold by means of Theorem 3.1. 
Example 3.4. Let T be a CW-complex with cells {ex: X E A}. Then the results in the 
previous section remain valid under replacing the sets “Yx” by “cl ex”. 
Indeed, note that T is determined by {clex: X E A}, {ex: X E A} is compact-finite, 
and T has the weak topology with respect to a cover of compact metric subsets. Thus, 
the assertion holds by means of Theorem 3.1. 
Example 3.5. Let K be a chunk-complex in the sense of [2]. (For example, the spaces 
S and T in the previous examples are chunk-complexes.) Then K has the weak topology 
with respect to its chunks {X A: X < a}. Thus, the results in the previous section remain 
true with respect to the canonical cover {Yx: X < o} associated with {XX: X < a}. If 
{Xx: X < o} satisfies (*), then the results also remain valid under replacing “Yx” by 
“XX”. 
Finally, we shall pose the following questions. 
Question 3.6. 
(1) Does the converse of Theorem 2.6 hold? 
(2) Does Corollary 2.4 remain valid if the XX are separable metric? 
(3) Does Corollary 2.8 remain valid if “a-locally countable” is changed to “g-locally 
finite” in (e)? 
(4) For a case where X is dominated by metric subsets XX, we have more general 
questions than (2) and (3). We note that if (a) is affirmative, then so is (b). 
(a) Is the canonical cover {YJ,: X < o} a-HCP if X has a a-HCP k-network? 
(b) Is the canonical cover {Yx: X < o} cT-locally countable (or g-locally finite) 
if X is an N-space? 
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